INTRODUCTION
In this paper and in the subsequent papers of this series, we study the so-called ergodic problem of the Hamilton-Jacobi-Bellman equation (H.J.B. in short). We concern solutions of one of the following problems. The goal is to study the convergence of terms in ( 1 ) and T u(x, T) in (2) as A goes to 0 and T goes to +00 respectively. Here H is assumed to be a n dimensional torus where Ti ( 1 i n) are real numbers and that b(x, a), f (x, a) are periodic in xi ( 1 i n) with the period Ti { 1 i n).
(Neumann type B. C. ) (State constraints B. C. ) (5) is a viscosity supersolution of (1) in H, ' 
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and for the equation (2) , we impose (3) or either one of (Neumann type B. C. ) (State constraints B. C. ) (7) u(x, t) is a viscosity supersolution of (2) in H x [0, +oo), where is a smooth vector field on a52 pointing outward i.e. denoting n(x) the unit outward normal at x E aS2, satisfies Existence and uniqueness results for the H.J.B. equations (1) , (2) with the boundary conditions stated above have been obtained in the viscosity solutions framework, the references of which we shall give at the end of the introduction. Now, assuming that the equations have a unique viscosity solution (the viscosity solution theory was introduced by M.G. Crandall and P.L. Lions in [7] to treat the nonlinear P.D.Es. in a generalized solutions framework), we shall mainly be concerned in this introduction with the following two issues: first, we want to explain why the convergence problem of l i m 0 3 B B0 0 3 B B u 0 3 B B ( x ) , l i m T~ 1 T u(x, T ) is called the "ergodic problem"; secondly, we state our main result namely the existence of a subset of H which plays the role of an attractor for the control problem, we shall call this set the ergodic attractor.
First, we shall briefly mention the relationship between the convergence of lim03BB~0 03BBu03BB(x), limT~~ 1 T u(x, T ) and the notion of "ergodicity" in the dynamical systems theory. For this, let us remind that the equations (1), (2) corresponds to the deterministic controlled dynamical system given by the following ordinary differential equations (9) (9) or ( 10) with :r(0) = x (see [1] ). By recalling the following known relationship provided that at least one side is meaningful (a proof of this fact, named Abelian-Tauberian theorem can be found in [14] ) we see that the convergence properties lim03BB~0 03BBu03BB(x) = d f = u(x, T ) for V x E 0 relate closely to the ergodic theory. In fact, the system which has the above convergence properties is called uniquely ergodic ( [6] [15] .
To conclude this introduction, we shall give some references which relates with this subject. One can find the definition of the viscosity solution in [7] , [10] . The existence and the uniqueness of the solutions of the H.J.B. equations (1) , (2) (2) ) with H(p) = Ipl with one of the boundary conditions of (3), (4) and (5) (resp. (3), (6) and (7)). By [11] , we know that the system enjoys the convergence property (15) (resp. (16)) in theorem 1 with the uniform convergence. Therefore, by theorem 1 there exists a subset Z C H which has the properties (Z), (P) and ( A) . In fact, by the form of H(p) for all points x, y e S2 there exist a control a and a time T > 0 such that xQ(T) = y and thus Z = H. Example 2. -Let SZ be a bounded convex subregion of (~n containing the origin. Consider a positively definite symmetric linear operator B on R" and set H (x, p) _ Bx, p > . For the system given by (1) (resp. (2)) with this Hamiltonian and the boundary condition either one of (4) and (5) (resp. (6) and (7)). Then the system satisfies the convergence property (15) (resp. (16) ) in Theorem 1 with uniform convergence. Therefore, by Theorem 1 there exists a subset Z C H which has the properties (Z), (P) and (A). In fact, in this system every point in H is attracted to the origin and thus Z = ~ 0 ~ . (4) and (5) (resp. (6) and (7)).
Then the system satisfies the convergence property (15) (resp. (16) (5) (resp. (3), (6) or (7) (22) (ii) Proof of the property (P). -First, we shall prove the closedness.
Let zn E Z be a sequence such that limn~~ zn = z~ ~ 03A9.
We are to show that Z. Let (27) , (49) and by the invariance of Z, for any z E Z and by (27) , (47), (49), and thus
We thus reach a contradiction and we have proved the property (A), which completes the proof of Theorem 1.
Next, we shall prove the assertion of Remark 2.
Proof of Remark 2. -To check the invariant property (I), by (I+) it is enough to show that z(t) E Z for all z E Z, all t 0. So, let z E Z, T 0 be arbitrary. Let 
